
jX9 _Qr@2[mBp�H2M+2 7`QK i?2 TQBMi Q7 pB2r Q7 BMp2`iB#H2 K�i`B+2bX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@k- 2bT2+B�HHv,ě
∗ RX8 GBM2�` +QK#BM�iBQMbX
∗ RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X
∗ RX3 _Qr QT2`�iBQMb �M/ K�i`Bt KmHiBTHB+�iBQMX
∗ kXk _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`KbX

Ç jXk AMp2`iB#BHBiv �M/ `Qr QT2`�iBQMbX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç ?Qr iQ pBbm�HBx2 `Qr@2[mBp�H2M+2 i?`Qm;? H27i@KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2bX
Ç ?Qr HBM2�` `2H�iBQMb �KQM;bi p�`BQmb +QHmKMb BM � ;Bp2M K�i`Bt �`2 ǵT`2b2`p2/Ƕ mTQM �TTHB+�iBQM Q7 `Qr QT2`�@

iBQMb QM i?2 ;Bp2M K�i`BtX
Ç i?2 mMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtX
Ç i?2 MQiBQM Q7 `�MF 7Q` �M �`#Bi`�`v K�i`BtX

h?2 T`QQ7 Q7 i?2 mMB[m2M2bb `2bmHi QM `2/m+2/ `Qr@2+?2HQM 7Q`K `Qr@2[mBp�H2Mi iQ �M �`#Bi`�`BHv ;Bp2M K�i`Bt Bb
+QMi�BM2/ BM i?2 �TT2M/Bt- #mi i?2 B/2�b BM i?2 T`QQ7 Bb /BbTH�v2/ BM � ǵ+QM+`2i2Ƕ 2t�KTH2X

RX q?2M r2 BMi`Q/m+2 i?2 ǵ/B+iBQM�`vǶ #2ir22M `Qr QT2`�iBQMb �M/ `Qr@QT2`�iBQM K�i`B+2b- r2 /Bb+Qp2` i?2 `2bmHi
#2HQr- H�#2HH2/ (!) ?2`2,
h?2Q`2K (!)X
amTTQb2 A,B �`2 K�i`B+2b rBi? p `QrbX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV A,B �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`X
UkV i?2`2 �`2 U}MBi2Hv K�MvV `Qr@QT2`�iBQM K�i`B+2b G1, G2, · · · , Gk−1, Gk bm+? i?�i B = GkGk−1 · ... ·G2G1AX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b UbQ i?�i #Qi? ?QH/VX h?2M i?2`2 �`2 bQK2 `Qr@QT2`�iBQM K�i`B+2b
H1, H2, · · · , Hk−1, Hk bm+? i?�i,ě

Ç A = H1H2 · ... ·Hk−1HkB- �M/
Ç 7Q` 2�+? j = 1, 2, · · · , k- i?2 2[m�HBiB2b HjGj = Ip �M/ GjHj = IpX

AM i2`Kb Q7 i?2 `2@7Q`KmH�iBQM 7Q` i?2 MQiBQM Q7 BMp2`iB#BHBiv BM i2`Kb Q7 `Qr QT2`�iBQMb �M/ `Qr@QT2`�iBQM K�i`B+2b-
r2 +�M `2@7Q`KmH�i2 h?2Q`2K (!) �b,ě

kX h?2Q`2K URVX U_2@7Q`KmH�iBQM Q7 `Qr@2[mBp�H2M+2 BM i2`Kb Q7 KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2b
7`QK i?2 H27iXV
amTTQb2 A,B �`2 K�i`B+2b rBi? p `QrbX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV A,B �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`X
UkV h?2`2 2tBbib bQK2 BMp2`iB#H2 (p× p)@b[m�`2 K�i`Bt G bm+? i?�i B = GAX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b UbQ i?�i #Qi? ?QH/VX h?2M- 7Q` i?2 b�K2 G- i?2 2[m�HBiv A = G−1B ?QH/bX
_2K�`FX am+? � `2@7Q`KmH�iBQM Q7 `Qr@2[mBp�H2M+2 Bb mb27mH BM i?2Q`2iB+�H /Bb+mbbBQMb #2+�mb2 i?`Qm;? Bi- r2 +�M
i?BMF �M/ rQ`F BM i2`Kb Q7 2[m�HBiB2b r?B+? �`2 �b ǵbBKTH2Ƕ �b TQbbB#H2X

jX 1t�KTH2 URVX UAHHmbi`�iBQMb QM i?2 +QMi2Mi Q7 h?2Q`2K URVXV

U�V G2i A =

[
1 0 1 1
0 2 1 1
1 0 0 2

]
- B =

[
2 0 0 4
1 2 2 2
1 0 1 1

]
X

A Bb `Qr@2[mBp�H2Mi iQ B mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

A
1R1+R2−−−−−→ 2R3−−→ R1↔R3−−−−−→ B.

*QBM+B/2Mi�HHv- i?2 2[m�HBiv B = GA ?QH/b- BM r?B+? G Bb i?2 BMp2`iB#H2 (3× 3)@b[m�`2 K�i`Bt ;Bp2M #v

I3
1R1+R2−−−−−→ 2R3−−→ R1↔R3−−−−−→ G =

[
0 0 2
1 1 0
1 0 0

]
.
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U#V G2i A =




0 −1 −2 2 6
2 −3 0 0 0
−2 2 −2 1 1
2 −4 −2 2 6



- B =




1 0 3 0 6
0 1 2 0 4
0 0 0 1 5
0 0 0 0 0



X

A Bb `Qr@2[mBp�H2Mi iQ B mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

A
R1↔R4−−−−−→

1
2R1−−−→ −2R1+R2−−−−−−→ 2R1+R3−−−−−→ 1R2+R4−−−−−→ 2R2+R3−−−−−→ −1R3−−−→ 2R2+R1−−−−−→ 3R3+R1−−−−−→ 2R3+R2−−−−−→ B.

*QBM+B/2Mi�HHv- i?2 2[m�HBiv B = GA ?QH/b- BM r?B+? G Bb i?2 BMp2`iB#H2 (4× 4)@b[m�`2 K�i`Bt ;Bp2M #v

I4
R1↔R4−−−−−→

1
2R1−−−→ −2R1+R2−−−−−−→ 2R1+R3−−−−−→ 1R2+R4−−−−−→ 2R2+R3−−−−−→ −1R3−−−→ 2R2+R1−−−−−→ 3R3+R1−−−−−→ 2R3+R2−−−−−→ G =




0 −4 −3 3/2
0 −3 −2 1
0 −2 −1 1
1 1 0 −1



.

U+V G2i A =




0 0 2 3 5 −7 12
−1 2 1 −1 0 −2 0
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10



- B =




1 −2 0 0 0 1 1
0 0 1 0 1 −2 3
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



X

A Bb `Qr@2[mBp�H2Mi iQ B mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

A
R1↔R2−−−−−→ −1R1−−−→ −2R1+R3−−−−−−→ −3R1+R4−−−−−−→ R2↔R3−−−−−→ −2R2+R3−−−−−−→ −2R2+R4−−−−−−→ 1R2+R1−−−−−→ −2R3+R1−−−−−−→ −1R3+R2−−−−−−→ B.

*QBM+B/2Mi�HHv- i?2 2[m�HBiv B = GA ?QH/b- BM r?B+? G Bb i?2 BMp2`iB#H2 (4× 4)@b[m�`2 K�i`Bt ;Bp2M #v

I4
R1↔R2−−−−−→ −1R1−−−→ −2R1+R3−−−−−−→ −3R1+R4−−−−−−→ R2↔R3−−−−−→ −2R2+R3−−−−−−→ −2R2+R4−−−−−−→

1R2+R1−−−−−→ −2R3+R1−−−−−−→ −1R3+R2−−−−−−→ G =




−2 9 5 0
−1 6 3 0
1 −4 −2 0
0 −1 −2 1



.

U/V G2i A =




2 7 −8
1 4 −5
−1 −1 1
−2 −6 6



- B =




1 0 0
0 1 0
0 0 1
0 0 0



X

A Bb `Qr@2[mBp�H2Mi iQ B mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

A
R1↔R2−−−−−→ −2R1+R2−−−−−−→ 1R1+R3−−−−−→ 2R1+R4−−−−−→ 3R2+R3−−−−−→ 2R2+R4−−−−−→ −1R2−−−→

1
2R3−−−→ −4R2+R1−−−−−−→ −3R3+R1−−−−−−→ 2R3+R2−−−−−→ B.

*QBM+B/2Mi�HHv- i?2 2[m�HBiv B = GA ?QH/b- BM r?B+? G Bb i?2 BMp2`iB#H2 (4× 4)@b[m�`2 K�i`Bt ;Bp2M #v

I4
R1↔R2−−−−−→ −2R1+R2−−−−−−→ 1R1+R3−−−−−→ 2R1+R4−−−−−→ 3R2+R3−−−−−→ 2R2+R4−−−−−→

−1R2−−−→
1
2R3−−−→ −4R2+R1−−−−−−→ −3R3+R1−−−−−−→ 2R3+R2−−−−−→ G =




−1/2 1/2 −3/2 0
2 −3 1 0

3/2 −5/2 1/2 0
2 −2 0 1



.

U2V G2i A =





1 1 1 −2 −3 1
2 2 2 −7 −8 −3
3 2 1 −5 −7 5
2 4 6 −4 −9 2
0 1 2 0 −2 1



- B =





1 0 −1 0 0 4
0 1 2 0 0 −3
0 0 0 1 0 3
0 0 0 0 1 −2
0 0 0 0 0 0



X

A Bb `Qr@2[mBp�H2Mi iQ B mM/2` i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

A
−2R1+R2−−−−−−→ −3R1+R3−−−−−−→ −2R1+R4−−−−−−→ R2↔R5−−−−−→ 1R2+R3−−−−−→ −2R2+R4−−−−−−→ 3R3+R5−−−−−→ 2R4+R5−−−−−→ −1R2+R1−−−−−−→ 2R3+R1−−−−−→ 1R4+R1−−−−−→ 2R4+R2−−−−−→ B.

*QBM+B/2Mi�HHv- i?2 2[m�HBiv B = GA ?QH/b- BM r?B+? G Bb i?2 BMp2`iB#H2 (5× 5)@b[m�`2 K�i`Bt ;Bp2M #v

I5
−2R1+R2−−−−−−→ −3R1+R3−−−−−−→ −2R1+R4−−−−−−→ R2↔R5−−−−−→ 1R2+R3−−−−−→ −2R2+R4−−−−−−→ 3R3+R5−−−−−→ 2R4+R5−−−−−→

−1R2+R1−−−−−−→ 2R3+R1−−−−−→ 1R4+R1−−−−−→ 2R4+R2−−−−−→ G =





−7 0 2 1 −1
−4 0 0 2 −3
−3 0 1 0 1
−2 0 0 1 −2
−15 1 3 2 −1



.
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9X q2 �`2 ;QBM; iQ BMi`Q/m+2 � 72r `2bmHib �#Qmi HBM2�` +QK#BM�iBQMb- HBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2
r?B+? +�M #2 �TTHB2/ BM T`QpBM; /22T `2bmHibX q?2M b22M 7`QK i?2 TQBMi Q7 pB2r Q7 BMp2`iB#H2 K�i`B+2b- i?2 `2bmHib
i?2Kb2Hp2b HQQF Q#pBQmbX >Qr2p2`- i?2v rBHH ;Bp2 `Bb2 iQ ?B;?Hv MQM@i`BpB�H `2bmHib r?2M i?2v �`2 `2@BMi2`T`2i2/ BM
i2`Kb Q7 `Qr QT2`�iBQMbX
q2 bi�`i rBi? � 2H2K2Mi�`v `2bmHi QM ǵK�i`Bt �H;2#`�Ƕ,
G2KK� UkVX UǵS`2b2`p�iBQMǶ Q7 HBM2�` `2H�iBQMb #v H27i@KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2bXV
G2i u1,u2, · · · ,un,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ α1,α2, · · · ,αn #2 MmK#2`bX
amTTQb2 G Bb �M BMp2`iB#H2 (p× p)@b[m�`2 K�i`BtX
h?2M v = α1u1 + α2u2 + · · ·+ αnun B7 �M/ QMHv B7 Gv = α1Gu1 + α2Gu2 + · · ·+ αnGunX
_2K�`FX �b Bi rBHH #2+QK2 �TT�`2Mi BM i?2 �`;mK2Mi- i?2 BMp2`iB#BHBiv Q7 G Bb M22/2/ BM QMHv QM2 ǵ/B`2+iBQMǶ Q7
i?2 +QM+HmbBQM- r?2`2 r2 rBb? iQ ǵ+�M+2HǶ G 7`QK #Qi? bB/2b Q7 �M 2[m�HBiv BM r?B+? G Bb BMBiB�HHv T`2b2MiX >2`2 7Q`
i?2 b�F2 Q7 bBKTHB+Biv- r2 bi�i2 bm+? � ǵr2�F2`Ƕ p2`bBQM Q7 � KQ`2 T`2+Bb2 �M/ ;2M2`�H `2bmHiX

8X S`QQ7 Q7 G2KK� UkVX
G2i u1,u2, · · · ,un,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ α1,α2, · · · ,αn #2 MmK#2`bX
amTTQb2 G Bb �M BMp2`iB#H2 (p× p)@b[m�`2 K�i`BtX

U�V amTTQb2 v = α1u1 + α2u2 + · · ·+ αnunX
h?2M KmHiBTHvBM; G iQ #Qi? bB/2b Q7 i?2 �#Qp2 2[m�HBiv 7`QK i?2 H27i- r2 Q#i�BM,

Gv = G(α1u1 + α2u2 + · · ·+ αnun)

= α1Gu1 + α2Gu2 + · · ·+ αnGun

U#V amTTQb2 Gv = α1Gu1 + α2Gu2 + · · ·+ αnGunX
"v �bbmKTiBQM- i?2 K�i`Bt BMp2`b2 G−1 Q7 i?2 K�i`Bt G Bb r2HH@/2}M2/X
JmHiBTHvBM; G−1 iQ #Qi? bB/2b Q7 i?2 �#Qp2 2[m�HBiv 7`QK i?2 H27i- r2 Q#i�BM,

v = Ipv = (G−1G)v = G−1(Gv) = G−1(α1Gu1 + α2Gu2 + · · ·+ αnGun)

= G−1[G(α1u1 + α2u2 + · · ·+ αnun)]

= (G−1G)(α1u1 + α2u2 + · · ·+ αnun)

= Ip(α1u1 + α2u2 + · · ·+ αnun)

= α1u1 + α2u2 + · · ·+ αnun

eX h?2Q`2K UjV- h?2Q`2K U9V �M/ h?2Q`2K U8V �`2 BKK2/B�i2 +QMb2[m2M+2b Q7 G2KK� UkVX
h?2Q`2K UjVX UǵS`2b2`p�iBQMǶ Q7 HBM2�` +QK#BM�iBQMb #v H27i@KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2bXV
G2i u1,u2, · · · ,un,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 G Bb �M BMp2`iB#H2 (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,un rBi? `2bT2+i iQ b+�H�`b α1,α2, · · · ,αnX
UkV Gv Bb � HBM2�` +QK#BM�iBQM Q7 Gu1, Gu2, · · · , Gun rBi? `2bT2+i iQ b+�H�`b α1,α2, · · · ,αnX

h?2Q`2K U9VX UǵS`2b2`p�iBQMǶ Q7 HBM2�` /2T2M/2M+2 �M/ MQM@i`BpB�H HBM2�` `2H�iBQMb #v H27i@KmHiBTHB+�iBQM
#v BMp2`iB#H2 K�i`B+2bXV
G2i u1,u2, · · · ,un #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 G Bb �M BMp2`iB#H2 (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV u1,u2, · · · ,un �`2 HBM2�`Hv /2T2M/2MiX
UkV Gu1, Gu2, · · · , Gun �`2 HBM2�`Hv /2T2M/2MiX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b UbQ i?�i #Qi? ?QH/VX
h?2M- 7Q` �Mv MmK#2`b α1,α2, · · · ,αn r?B+? �`2 MQi �HH x2`Q- i?2 MQM@i`BpB�H HBM2�` `2H�iBQM α1u1+α2u2+· · ·+αnun =
0p ?QH/b B7 �M/ QMHv B7 i?2 MQM@i`BpB�H HBM2�` `2H�iBQM α1Gu1 + α2Gu2 + · · ·+ αnGun = 0p ?QH/bX
h?2Q`2K U8VX UǵS`2b2`p�iBQMǶ Q7 HBM2�` BM/2T2M/2M+2 #v H27i@KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2bXV
G2i u1,u2, · · · ,un #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 G Bb �M BMp2`iB#H2 (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
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URV u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2MiX
UkV Gu1, Gu2, · · · , Gun �`2 HBM2�`Hv BM/2T2M/2MiX

_2K�`FX q2 T`QpB/2 i?2 T`QQ7 7Q` h?2Q`2K U8VX h?�i 7Q` h?2Q`2K UjV �M/ h?2Q`2K U9V �`2 H27i �b 2t2`+Bb2bX

dX S`QQ7 Q7 h?2Q`2K U8VX
G2i u1,u2, · · · ,un #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 G Bb �M BMp2`iB#H2 (p× p)@b[m�`2 K�i`BtX

U�V amTTQb2 i?2 bi�i2K2Mi URV ?QH/b, u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2MiX
(q2 r�Mi iQ /2/m+2 i?�i Gu1, Gu2, · · · , Gun �`2 HBM2�`Hv BM/2T2M/2MiX
h?Bb �KQmMib iQ /2/m+BM;, 6Q` �Mv MmK#2`b α1,α2, · · · ,αn- B7 α1Gu1 + α2Gu2 + · · · + αnGun = 0p i?2M
α1 = α2 = · · · = αn = 0X)
SB+F �Mv MmK#2`b α1,α2, · · · ,αnX amTTQb2 α1Gu1 + α2Gu2 + · · ·+ αnGun = 0pX
LQi2 i?�i 0p = G0pX h?2M α1Gu1 + α2Gu2 + · · ·+ αnGun = G0pX
h?2M- #v G2KK� UkV- α1u1 + α2u2 + · · ·+ αnun = 0pX
aBM+2 u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi- α1 = α2 = · · · = αn = 0X
>2M+2 i?2 bi�i2K2Mi UkV ?QH/bX

U#V amTTQb2 i?2 bi�i2K2Mi UkV ?QH/b, Gu1, Gu2, · · · , Gun �`2 HBM2�`Hv BM/2T2M/2MiX
(q2 r�Mi iQ /2/m+2 i?�i u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2MiX
h?Bb �KQmMib iQ /2/m+BM;, 6Q` �Mv MmK#2`b α1,α2, · · · ,αn- B7 α1u1 +α2u2 + · · ·+αnun = 0p i?2M α1 = α2 =

· · · = αn = 0X)
SB+F �Mv MmK#2`b α1,α2, · · · ,αnX amTTQb2 α1u1 + α2u2 + · · ·+ αnun = 0pX
h?2M #v G2KK� UkV- r2 ?�p2 α1Gu1 + α2Gu2 + · · ·+ αnGun = G0p = 0pX
aBM+2 Gu1, Gu2, · · · , Gun �`2 HBM2�`Hv BM/2T2M/2Mi- α1 = α2 = · · · = αn = 0X
>2M+2 i?2 bi�i2K2Mi URV ?QH/bX

3X _2@BMi2`T`2i�iBQM Q7 i?2 `2bmHib /2b+`B#2/ #v h?2Q`2K UjV- h?2Q`2K U9V- h?2Q`2K U8V BM i2`Kb Q7
`Qr QT2`�iBQMb �M/ `Qr@2[mBp�H2M+2X
G2i u1,u2, · · · ,un,v #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 u′

1,u
′
2, · · · ,u′

n,v
′ �`2 `Qr@2[mBp�H2Mi iQ u1,u2, · · · ,un,v mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMbX

U�V �++Q`/BM; iQ h?2Q`2K UjV,ě
B7 v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,un rBi? `2bT2+i iQ b+�H�`b α1,α2, · · · ,αn i?2M v′ Bb � HBM2�`
+QK#BM�iBQM Q7 u′

1,u
′
2, · · · ,u′

n rBi? `2bT2+i iQ b+�H�`b α1,α2, · · · ,αnX
U#V �++Q`/BM; iQ h?2Q`2K U9V,ě

B7 u1,u2, · · · ,un �`2 HBM2�`Hv /2T2M/2Mi rBi? i?2 MQM@i`BpB�H `2H�iBQM α1u1 +α2u2 + · · ·+αnun = 0p- i?2M
u′
1,u

′
2, · · · ,u′

n �`2 HBM2�` /2T2M/2Mi rBi? i?2 MQM@i`BpB�H `2H�iBQM α1u′
1 + α2u′

2 + · · ·+ αnu′
n = 0pX

U+V �++Q`/BM; iQ h?2Q`2K U8V,ě
B7 u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi- i?2M u′

1,u
′
2, · · · ,u′

n �`2 HBM2�` BM/2T2M/2MiX

_2K�`FX h?2b2 +QM+HmbBQMb �`2 MQi Q#pBQmb U�M/ MQi 2�bv iQ T`Qp2V r?2M r2 i?BMF BM i2`Kb Q7 `Qr QT2`�iBQMb
�HQM2- #2+�mb2 i?2 ǵ2[m�HBiv bvK#QHǶ /Q2b MQi �TT2�` BM � `2H2p�Mi r�v BM � /Bb+mbbBQM Tm`2Hv �#Qmi `Qr QT2`�iBQMbX

NX hQ ;Bp2 i?2 BMi2M/2/ �TTHB+�iBQM Q7 h?2Q`2K UjV- h?2Q`2K U9V- h?2Q`2K U8V #2HQr- r2 2K#2/ i?2 �#Qp2 `2@
BMi2`T`2i�iBQM BMiQ i?2 +QMi2ti Q7 `2H�iBQMb �KQM;bi +QHmKMb Q7 `Qr@2[mBp�H2Mi K�i`B+2bX
h?2Q`2K UeVX U*Q`QHH�`v iQ h?2Q`2K UjV- h?2Q`2K U9V �M/ h?2Q`2K U8VXV
G2i B,C #2 (p× q)@K�i`BtX .2MQi2 i?2 j@i? +QHmKMb Q7 B,C #v bj , cj `2bT2+iBp2Hv 7Q` 2�+? j = 1, 2, · · · , qX
amTTQb2 B Bb `Qr@2[mBp�H2Mi iQ CX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V A7 bj Bb � HBM2�` +QK#BM�iBQM Q7 bk1 ,bk2 , · · · ,bkn rBi? `2bT2+i iQ b+�H�`b α1,α2, · · · ,αn i?2M cj Bb � HBM2�`
+QK#BM�iBQM Q7 ck1 , ck2 , · · · , ckn rBi? `2bT2+i iQ b+�H�`b α1,α2, · · · ,αnX

U#V A7 bk1 ,bk2 , · · · ,bkn �`2 HBM2�`Hv /2T2M/2Mi rBi? i?2 MQM@i`BpB�H `2H�iBQM α1bk1 + α2bk2 + · · · + αnbkn = 0p-
i?2M ck1 , ck2 , · · · , ckn �`2 HBM2�` /2T2M/2Mi rBi? i?2 MQM@i`BpB�H `2H�iBQM α1ck1 + α2ck2 + · · ·+ αnckn = 0pX

U+V A7 bk1 ,bk2 , · · · ,bkn �`2 HBM2�`Hv BM/2T2M/2Mi- i?2M ck1 , ck2 , · · · , ckn �`2 HBM2�` BM/2T2M/2MiX
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RyX h?2Q`2K UeV Bb i?2 +`m+B�H TB2+2 Q7 i?2Q`2iB+�H K�+?BM2`v M22/2/ BM �M �`;mK2Mi 7Q` h?2Q`2K UdV- �#Qmi i?2
mMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K `Qr@2[mBp�H2Mi iQ �M �`#Bi`�`BHv ;Bp2M K�i`BtX
qBi? h?2Q`2K UdV 2bi�#HBb?2/- r2 +�M +QM}`K i?2 p�HB/Biv Q7 h?2Q`2K U3V- r?B+? ?�b #22M bi�i2/ 2�`HB2`X
h?2Q`2K UdVX UlMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ � ;Bp2M K�i`BtXV
amTTQb2 i?�i A Bb � K�i`Bt- �M/ B,C �`2 `2/m+2/ `Qr@2+?2HQM 7Q`KbX
6m`i?2` bmTTQb2 i?�i B Bb `Qr@2[mBp�H2Mi iQ A- �M/ C Bb �HbQ `Qr@2[mBp�H2Mi iQ AX
h?2M B = CX
h?2Q`2K U3VX U1tBbi2M+2 �M/ mMB[m2M2bb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ �
;Bp2M K�i`BtXV
amTTQb2 A Bb � K�i`BtX
h?2M i?2`2 2tBbib bQK2 mMB[m2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ bm+? i?�i A′ Bb `Qr@2[mBp�H2Mi iQ AX
_2K�`FX AM i?2 HB;?i Q7 h?2Q`2K U3V- Bi K�F2b b2Mb2 iQ r`Bi2 bQK2i?BM; HBF2

ǵi?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ i?2 K�i`Bt #H�?@#H�?@#H�?ǶX

RRX LQr- BM pB2r Q7 h?2Q`2K U3V- Bi K�F2b b2Mb2 iQ BMi`Q/m+2 i?2 MQiBQM Q7 ǵ`�MFǶ 7Q` �M �`#Bi`�`v K�i`BtX
.2}MBiBQMX U_�MF Q7 �M �`#Bi`�`v K�i`BtXV
amTTQb2 A Bb � K�i`BtX
h?2M i?2 `�MF Q7 A Bb /2}M2/ iQ #2 i?2 `�MF Q7 i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX
_2K�`FX h?Bb Bb QM2 Q7 b2p2`�H r�vb Q7 7Q`KmH�iBM; i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 `�MFX h?2v �`2- ?Qr2p2`-
HQ;B+�HHv 2[mBp�H2Mi iQ i?Bb 7Q`KmH�iBQMX

RkX h?2 T`QQ7 Q7 h?2Q`2K UdV Bb +QMi�BM2/ BM i?2 �TT2M/BtX h?2 B/2� Q7 i?2 �`;mK2Mi Bb BHHmbi`�i2/ BM ǵ+QM+`2i2 i2`KbǶ
BM 1t�KTH2 UkV #2HQrX
AM i?2 �`;mK2Mi 7Q` h?2Q`2K UdV- r2 rBHH M22/ iQ mb2 bQK2 Q#b2`p�iBQMb �#Qmi i?2 ǵHBM2�` `2H�iBQMbǶ �KQM;bi i?2
+QHmKMb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`KbX h?2b2 Q#b2`p�iBQMb �`2 Q7 BMi2`2bi QM i?2B` QrM- �M/ �`2 bi�i2/ #2HQr BM
i?2 7Q`K Q7 � i?2Q`2iB+�H `2bmHi QM Bib QrMX 1t�KTH2 UkV rBHH �HbQ b2`p2 �b � ǵ+QM+`2i2Ƕ BHHmbi`�iBQM Q7 i?2 +QMi2Mi Q7
h?2Q`2K UNXV
h?2Q`2K UNVX UǵGBM2�` `2H�iBQMbǶ �KQM;bi +QHmKMb Q7 � `2/m+2/ `Qr@2+?2HQM 7Q`KXV
G2i C #2 � `2/m+2/ `Qr@2+?2HQM 7Q`K rBi? q +QHmKMbX .2MQi2 i?2 j@i? +QHmKM Q7 C #v cj 7Q` 2�+? j = 1, 2, · · · , q-
�M/ /2MQi2 i?2 (k, #)@i? 2Mi`v Q7 C #v γk! 7Q` 2�+? k, #X
.2MQi2 i?2 `�MF Q7 C #v r- �M/ bmTTQb2 i?2 TBpQi +QHmKMb Q7 C- 7`QK H27i iQ `B;?i- �`2 i?2 d1@i?- d2@i?- XXXX dr@i?
+QHmKMb Q7 CX
h?2M,ě

U�V cd1 , cd2 , · · · , cdr �`2 HBM2�`Hv BM/2T2M/2MiX
U#V 6Q` 2�+? j = 1, 2, · · · , q- B7 cj Bb � 7`22 +QHmKM- �M/ i?2 TBpQi +QHmKMb bi`B+iHv iQ i?2 H27i Q7 cj �`2 i?2

d1@i?- d2@i?- XXX- dh@i? +QHmKMb- i?2M cj Bb � HBM2�` +QK#BM�iBQM Q7 cd1 , cd2 , · · · , cdh - rBi? i?2 HBM2�` `2H�iBQM
cj = γ1jcd1 + γ2jcd2 + · · ·+ γhjcdh X

U+V 6Q` 2�+? k = 1, 2, · · · , r- i?2 dk@i? +QHmKM Q7 C- Ur?B+? Bb i?2 +QHmKM p2+iQ` cdk -V Bb MQi � HBM2�` +QK#BM�iBQM
Q7 i?2 +QHmKMb Q7 C bi`B+iHv iQ Bib H27iX
AM T�`iB+mH�`- i?2 dk@i? +QHmKM Q7 C Bb MQi � HBM2�` +QK#BM�iBQM Q7 i?2 d1@i?- d2@i?- XXX- dk−1@i? +QHmKMb Q7 CX

S`QQ7 Q7 h?2Q`2K UNVX 1t2`+Bb2 UQM rQ`FBM; rBi? i?2 /2}MBiBQM Q7 `2/m+2/ `Qr@2+?2HQM 7Q`KVX

RjX 1t�KTH2 UkVX UAHHmbi`�iBQM QM i?2 +QMi2Mi Q7 h?2Q`2K UNV- �M/ QM i?2 �`;mK2Mi 7Q` h?2Q`2K UdVXV

G2i C =





1 −2 0 0 0 1 1 0 −2
0 0 1 0 1 −2 3 0 2
0 0 0 1 1 −1 2 0 3
0 0 0 0 0 0 0 1 −3
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0




X

.2MQi2 i?2 +QHmKMb Q7 C- 7`QK H27i iQ `B;?i- #v cj 7Q` 2�+? j = 1, 2, · · · , 9X

U�V C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K rBi? `�MF 4X
h?2 TBpQi +QHmKMb Q7 C �`2 i?2 1@bi- 3@`/- 4@i?- 8@i? +QHmKMb- r?B+? �`2 c1, c3, c4, c8X
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U#V q2 p2`B7v i?�i h?2b2 7Qm` +QHmKM p2+iQ`b
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, c4 =





0
0
1
0
0
0




, c8 =
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0
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



�`2 HBM2�`Hv BM/2T2M/2Mi,ě
Ç SB+F �Mv MmK#2`b α1,α2,α3,α4X amTTQb2 α1c1 + α2c3 + α3c4 + α4c8 = 06X

h?2M





α1
α2
α3
α4
0
0




= 06X

h?2`27Q`2 α1 = α2 = α3 = α4 = 0X
U+V h?2 7`22 +QHmKMb Q7 C �`2 i?2 2@M/- 5@i?- 6@i?- 7@i?- 9@i? +QHmKMb- r?B+? �`2 i?2 +QHmKM p2+iQ`b c2, c5, c6, c7, c9

`2bT2+iBp2HvX
LQi2 i?�i,ě

Ç c2 = −2c1-
Ç c5 = 0 · c1 + 1 · c3 + 1 · c4-
Ç c6 = 1 · c1 − 2c3 − 1 · c4-
Ç c7 = 1 · c1 + 3c3 + 2c4-
Ç c9 = 2c1 + 0 · c3 + 3c4 + 0 · c8-
Ç c9 = −2c1 + 2c3 + 3c4 − 3c8X

U/V LQi2 i?�i,ě
Ç c3 Bb MQi � HBM2�` +QK#BM�iBQM Q7 c1X
Ç c4 Bb MQi � HBM2�` +QK#BM�iBQM Q7 c1, c3X
Ç c8 Bb MQi � HBM2�` +QK#BM�iBQM Q7 c1, c3, c4X

AM 7�+i- KQ`2 +�M #2 b�B/,ě
Ç c3 Bb MQi � HBM2�` +QK#BM�iBQM Q7 c1, c2X

U_2�bQM, c2 Bb Dmbi � b+�H�` KmHiBTH2 Q7 c1XV
Ç c4 Bb MQi � HBM2�` +QK#BM�iBQM Q7 c1, c2, c3X

U_2�bQM, c2 Bb Dmbi � HBM2�` +QK#BM�iBQM Q7 c1, c3XV
Ç c8 Bb MQi � HBM2�` +QK#BM�iBQM Q7 c1, c2, c3, c4, c5, c6, c7X

U_2�bQM, 1�+? Q7 c2, c5, c6, c7 Bb Dmbi � HBM2�` +QK#BM�iBQM Q7 c1, c3, c4XV
U2V G2i B #2 � (6× 9)@K�i`BtX

.2MQi2 i?2 +QHmKMb Q7 B- 7`QK H27i iQ `B;?i- #v bj 7Q` 2�+? j = 1, 2, · · · , 9X

.2MQi2 i?2 (k, #)− th 2Mi`B2b Q7 B #v βk! 7Q` 2�+? k, #X
amTTQb2 B Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- �M/ bmTTQb2 B Bb `Qr@2[mBp�H2Mi iQ CX
q2 r�Mi iQ p2`B7v i?�i B = C,ě

BX _2+�HH i?�i c1, c3, c4, c8 �`2 HBM2�`Hv BM/2T2M/2MiX
h?2M- bBM+2 B Bb `Qr@2[mBp�H2Mi iQ C- b1,b3,b4,b8 �`2 HBM2�`Hv BM/2T2M/2MiX

BBX AM T�`iB+mH�`- b1 Bb HBM2�`Hv BM/2T2M/2MiX
h?2M b1 %= 06X

aBM+2 B Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- b1 =





1
0
0
0
0
0




= c1X

BBBX LQi2 i?�i c2 = −2c1X
h?2M- bBM+2 B Bb `Qr@2[mBp�H2Mi iQ C- r2 ?�p2 b2 = −2b1 = −2c1 = c2X

aQ MQr B =





1 −2 β13 β14 β15 β16 β17 β18 β19
0 0 β23 β24 β25 β26 β27 β28 β29
0 0 β33 β34 β35 β36 β37 β38 β39
0 0 β43 β44 β45 β46 β47 β48 β49
0 0 β53 β54 β55 β56 β57 β58 β59
0 0 β63 β64 β65 β66 β67 β68 β69
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BpX LQi2 i?�i b3 Bb MQi � HBM2�` +QK#BM�iBQM Q7 b1X
h?2M i?2`2 Bb �i H2�bi QM2 MQM@x2`Q 2Mi`v BM b3 7`QK i?2 b2+QM/ 2Mi`v /QrMr�`/bX

LQr- bBM+2 B Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- b3 =





0
1
0
0
0
0




= c3X

pX LQi2 i?�i b4 Bb MQi � HBM2�` +QK#BM�iBQM Q7 b1,b3X
h?2M i?2`2 Bb �i H2�bi QM2 MQM@x2`Q 2Mi`v BM b3 7`QK i?2 i?B`/ 2Mi`v /QrMr�`/bX

LQr- bBM+2 B Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- b4 =





0
0
1
0
0
0




= c4X

pBX _2+�HH i?�i c5 = c3 + c4- c6 = c1 − 2c3 − c4- �M/ c7 = c1 + 3c3 + 2c4X
h?2M- bBM+2 B Bb `Qr@2[mBp�H2Mi iQ C- b5 = b3 + b4- b6 = b1 − 2b3 − b4- b7 = b1 + 3b3 + 2b4X
aBM+2 b1 = c1- b3 = c3 �M/ b4 = c4- r2 ?�p2 b5 = c5- b6 = c6 �M/ b7 = c7 �HbQX

aQ MQr B =





1 −2 0 0 0 1 1 β18 β19
0 0 1 0 1 −2 3 β28 β29
0 0 0 1 1 −1 2 β38 β39
0 0 0 0 0 0 0 β48 β49
0 0 0 0 0 0 0 β58 β59
0 0 0 0 0 0 0 β68 β69
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X

pBBX LQi2 i?�i b8 Bb MQi � HBM2�` +QK#BM�iBQM Q7 b1,b3,b4X
h?2M i?2`2 Bb �i H2�bi QM2 MQM@x2`Q 2Mi`v BM b8 7`QK i?2 7Qm`i? 2Mi`v /QrMr�`/bX

LQr- bBM+2 B Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- b4 =





0
0
0
1
0
0




= c8X

pBBBX _2+�HH i?�i c9 = −2c1 + 2c3 + 3c4 − 3c8X
h?2M- bBM+2 B Bb `Qr@2[mBp�H2Mi iQ C- b9 = −2b1 + 2b3 + 3b4 − 3b8X
aBM+2 b1 = c1- b3 = c3- b4 = c4 �M/ b8 = c8- r2 ?�p2 b9 = c9 �HbQX

>2M+2 B =





1 −2 0 0 0 1 1 0 −2
0 0 1 0 1 −2 3 0 2
0 0 0 1 1 −1 2 0 3
0 0 0 0 0 0 0 1 −3
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0




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